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1. INrR00u~Tr0N 
Many articles have been written on the degree of convergence of monotone 
approximation. See Shisha [7], Roulier [5] and [6], Lorentz and Zeller [l] 
and [2], and Lorentz [3]. 
The problem is as follows. Let 1 < k, < k, < ..* < k, be integers and 
Ed ,.,., el, corresponding signs (-&l). For each nonnegative integer n let H,, 
be the set of all polynomials of degree less than or equal to n. Let M, be the 
set of all those polynomialsp in H, which satisfy Ed P(~~)(x) 3 0 for a < x d b 
and i = l,...,p. 
If f E C[a, b] define D,(f) = infDEM, Ilf - p j], where jl * 1) is the uniform 
norm on [a, b]. Let En(f) = infPEHn Ilf- p 11. If Eif(lc+) > Ofora < x d b 
and i = l,..., p then we seek upper bounds for D,(f). Most of the estimates 
obtained to date have been restricted to p = 1, k, = k, e1 = 1 and are not 
best possible. Lorentz and Zeller in [2] show that there is an f E C[u, b] 
withf(k)(X) > 0 on [a, b] for which 
On the other hand Lorentz in [3] conjectures that for function f satisfying 
ciftki)(x) > 0 for a < x < b and i = l,...,p we have 
&(f>Pn(f> bounded. 
Roulier in [5] and [6] studies these cases. In [6] Roulier finds sufficient 
conditions onf to insure that for y1 sufficiently large 
wf) = En(f). 
In [5] Roulier obtains sufficient conditions to insure that Dn(f)/En(f) is 
bounded but the bound obtained depends on the range off ‘. It is the purpose 
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of this paper to use the result of [6] to make an observation on “best possible” 
estimates in the Jackson sense and to improve the results from [5] obtaining 
a bound on lID(f) independent of the range off’. 
2. THE FIRST RESULT 
In this section we consider the case p = 1, k1 = 1, l 1 = 1. We first give 
two lemmas. 
LEMMA 1. Let f’ E C[u, b] and assume that 0 < f’(x) < M on [a, b]. 
Then, given any x in [a, b], there exist constants q and 5 in (a, b) so that 
s ab (f(x) - f(t)> dt = Hf ‘(d(x - 4” - f’(k% - Q21. 
Moreover, 
Proof. Observe that 
j-” (f(x) - f(t)) dt = j-abf~x, tl(x - t> dt a 
I‘ 
z-a 
= 
x-b f[ 
x, x - u]u du 
=jx-af[x,x-u]udu+jz~bf[x,x-u]udu. 
0 
LEMMA 2. Letf’EC[O,l]undassumethatO <d<f’(x) <Mon[O,l]. 
Then for n suficiently large we have 
o,(f) d (W/d) + 1) En(f 1. 
Proof. The proof is the same as that of Theorem 1 in [5] using Lemma 1 
and the fact that if S, is the polynomial of best approximation tof on [0, l] 
then S,(x,) - &(x1) > 0 if x2 - x, >, 2E,(f)/d. 
THEOREM 1. Let f’ E CIO, l] and assume that f’(x) > d > 0 on [0, 11. 
Then, if f is not a polynomial, 
& &(f )/En(f) G 2. 
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Proof. Let 01 3 1 be fixed. Choose m so large that &(f’) < d/(3 + a). 
Let pm be the polynomial from H,,, of best approximation to f’ on [0, 11. 
Let h(x) = f’(x) -pm(x) + (1 + CX) E&l). Then we have 
c&U’) d W d (2 + 4 I%. (1) 
Now let 
r$(x) = joz h(t) dt. 
Thus we have 
+(x> = f(x) - Qm+dx), (2) 
where 
Qm+dx) = f(O) + Jo’ (pm(t) - (1 + 4 Mf’)) dt. 
We also see that 
(3) 
QGn+dx) = P&> - (1 + 4 Em(f’> 
= Pi -f’(x) + f’(x) - (1 + 4 Ewdf’) 
2 f’(x) - (2 + 4 -%(f’) 
3 d - (2 + 4W + 4 
= d/(3 + a). 
From (1) and the fundamental theorem of calculus we have 
~-Cd’) < d’(x) < (2 + 4 Cn(f’>. 
By Lemma 2 we have for n sufficiently large 
That is, for n sufficiently large, 
&Cd> G 21 + (l/4) En($). 
If in addition IZ > m + 1, we have from (2) and the monotonicity of Q,,, 
En($) = -J-W) and Qd4) 2 &W- 
This, together with (4), gives 
&W&(f) G 20 + (lb)) for n 
sufficiently large. But cy can be chosen as large as desired. This completes the 
proof. 
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3. BEST POSSIBLE ESTIMATES 
Iffhas infinitely many continuous derivatives on [a, b] and if of > 0 
on [a, b] for i = l,..., p then it follows as a special case of the main theorem 
in [6] that for n sufficiently large we have 
J%u> = Qdf). 
So we may as well for further study assume that there is a k > k, for which 
f(“) is continuous on [a, b] andf(“+l) is not continuous on [a, b]. For simplicity 
in what follows we will work on the interval [-1, fl]. 
DEFINITION. For -1 < x < 1 and n = 1,2,... define 
d,(x) = max (’ -nxz)l’z , $-) 
( 
and d,(x) = 1. 
THEOREM 2. Let 1 < k, < k, < ..* < k, bepjixed integersand e1 ,..., E,, 
fixed signs. Assume EJ(~~)(x) > 0 on [--I, +1] for i = 1,2,...,p. We also 
assume that for some integer k > k, we have f ck) E C[- 1, + 1] but 
f tki-l) $ C[-1, +I]. With these assumptions we can conclude that there are 
polynomials P, E H,, such that 
If(x) - P,(x)1 < GA(X)k W(ffk), 4dxN 
and for II suficiently large we have ciPiki’(x) > 0 for -1 < x < 1 and 
i = 1, 2 ,..., p. 
Moreover, this result is best possible in the sense that no sequence of 
polynomials P, E H, can satisfy (5) if we replace d,(x)” in the right side of (5) 
by A,(x)~+~ for some E > 0. 
The proof is an easy consequence of the theorem in [8] and Theorem 6 
in [4, p. 751. 
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